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A detailed study of nucleon parton distribution functions is performed within a radiative Next-
to-Next-to Leading Order (NNLO) parton model whose low-scale input is rigidly described by wave
functions which include quarks and dressing meson-cloud. The light-front Hamiltonian dynamics
fixes the three-quark wave functions and the meson cloud is introduced by means of high-order Fock
components in time-ordered perturbation theory in the infinite momentum frame. Non-strange as
well as strange meson-baryon fluctuations are considered (π, ρ, ω, K and K∗, together with N , ∆, Λ
and Σ) and the effects on strange and non-strange parton distributions investigated showing the large
effects due to (non-strange) sea asymmetries and the delicate balance of the strange asymmetry.
The non-strange and the strange components, the valence as well as the gluon distributions are
compared with available experimental data confirming the need of both non-perturbative degrees of
freedom and perturbative (NNLO) radiative effects.
PACS numbers: 12.38.Bx, 12.39.Ki, 14.20.Dh
I. INTRODUCTION
The dressing of a nucleon with its meson cloud is
deeply and consistently connected to the spontaneous
chiral symmetry breaking exhibited by quantum chromo-
dynamics (QCD). In the specific case of Deep-Inelastic-
Scattering (DIS), the presence of a meson cloud has rel-
evant consequences as first discussed by Feynman and
Sullivan [1],[2]. One had to wait till the discovery of
the Gottfried sum rule violation [3], to realize that the
cloud contribution can quantitatively account for the ex-
cess of d¯ anti-quarks over u¯ anti-quarks [4]. The inclusion
of a strange component into the meson cloud has been
first discussed by Signal and Thomas [5] showing that the
strange cloud component exhibits peculiar characteristics
since all the s¯ antiquarks come from the kaon, whereas
all the s quarks come from the hyperon. In particular it
was demonstrated that the meson cloud contribution to
the anti-strange distribution is softer than the contribu-
tion to the strange component. Some shortcomings were
present in the approach proposed in refs.[4, 5] and a bet-
ter formulation of the meson cloud model was proposed
within a time ordered perturbation theory in the infi-
nite momentum frame [6]. Using time ordered approach
one has, in fact, the advantage that the struck hadrons
remain on-mass-shell avoiding ambiguities and allowing
the use of experimental structure functions as input.
The question of a possible quark - antiquark asym-
metry in the strange sea received new interest in the
early 2000’s as a result of the experimental evidence of
the NuTeV collaboration [7] for a significantly smaller
value of the weak mixing angle. The measure has
to be corrected for several Charge Symmetry Violation
(CSV) effects [8] - [11] and a possible significant contri-
bution of the second moment of the strange asymmetry
〈x(s − s¯)〉. As matter of fact a quark-antiquark asym-
metry 〈x(s − s¯)〉 ≈ −(0.004 ÷ 0.006) would explain the
discrepancy between the NuTeV value and the accepted
value of the weak mixing angle sin2 θW = 0.2227±0.0004.
However, at present, even the sign of the strange asym-
metry is not known and the phenomenological values
range in the interval −0.001 < 〈x(s − s¯)〉 < 0.005. In
particular 〈x(s − s¯)〉 = 0.0005 ± 0.0086 from ref.[12];
0.0013±0.0009±0.0002 from ref.[13]; 0.0016+0.00110.0009 from
ref.[14]; 0.0± 0.0020 from refs.[9, 10].
The strange - antistrange asymmetry manifests not
only the non-perturbative component due to strange me-
son cloud, but it exhibits also a dependence on the hard-
scattering scale, Q2, at which the nucleon is probed.
Perturbative QCD alone definitely predicts a nonvan-
ishing, Q2-dependent value of the strange asymmetry.
In fact the non-singlet evolution of the parton densi-
ties at three loops level (Next-to-Next-to-Leading Or-
der: NNLO) generates a strange asymmetry of the order
〈x(s − s¯)〉 ≈ 5 × 10−4 ÷ 10−3 at Q2 ≈ 20GeV2 even if
the strange asymmetry is vanishing at the starting scale,
an effect which occurs in both QCD and QED, and it
is a genuine quantum phenomenon [15]. As a conse-
quence the three-loops level is the correct and needed
order for discussing parton distributions when strange
sea is included, in particular strange asymmetry [10],
[16]. The present paper will make use of an original
(Matlab) NNLO evolution code built by using the un-
polarized splitting functions of refs.[17, 18] and making
reference to the PEGASUS (Fortran) code by Andreas
Vogt [19] (see Sec. III and the Appendix). The Matlab
code is a descendant of the NLO (Fortran) code written
fifteen years ago in collaboration with Vento, Mair and
Zambarda [20]. Various versions of that code have been
regularly used by the author and by others both for un-
polarized [21] and polarized [22–24] parton distributions,
as well as the evolution of their more complex generaliza-
2tion (the Generalized Parton Distributions, GPDs) [25].
The perturbative approach to QCD is able to con-
nect observables at different resolution scales, but the full
knowledge of the consequences of the gluon and quark dy-
namics require the input of unknown non-perturbative
matrix elements to provide absolute values for the ob-
servables at any scale. In the present paper I will apply
a radiative parton model procedure which, starting from
low resolution scale Q20, has been able to reproduce and
predict [26] important features of the experimental deep
inelastic structure functions at high momentum transfer
(see also [27–30] and [20–25]). The procedure assumes
the existence of a scale where the short range (pertur-
bative) part of the interaction is suppressed (and there-
fore the gluons and the sea are suppressed) and the long
range part of the interaction produces a proton composed
mainly by three valence quarks [31]. Jaffe and Ross [32]
proposed to ascribe the quark model calculations of ma-
trix elements to that hadronic scale Q20. In this way
the quark models, summarizing a great deal of hadronic
properties, may substitute the low energy parametriza-
tion while evolution to larger Q2 is dictated by perturba-
tive QCD. In the following I will use a relativistic quark
model (formulated within a Light-Front dynamics) to de-
scribe the three quark bound states. The inclusion of the
non perturbative sea contribution is obtained within a
fluctuation expansion of Meson-Baryon states in the in-
finite momentum frame. Non-strange (π, ρ, ω, together
with N , ∆) as well a strange (K and K∗, together with
Λ and Σ) Meson-Baryon fluctuations are considered fol-
lowing the rich literature [33].
The Light-Front quark model with a meson cloud
is revisited in Sec.II (the bare nucleon model is dis-
cussed in Sec.II A, while Sec.II B is devoted to investi-
gate the role of the nucleon cloud within different sce-
narios (Sec.II B 5); Sec.III is dedicated to the NNLO evo-
lution procedure and its features (expanded also in the
Appendix), results are presented and discussed in Sec.IV.
Some conclusions are drawn in Sec.V. In the Appendix
the relevant formulae for the adopted NNLO evolution
procedure.
II. THE MODEL
A. The bare nucleon and parton distributions
1. The quark wave function
In the light-front quark model the intrinsic momenta
of the constituent quarks (ki) can be obtained from
the corresponding momenta (pi) in a generic reference
frame, through a light-front boost ki = L−1f (Ptot) pi such
that the Wigner rotations reduce to identities. With
the specific choice L−1f (Ptot)Ptot = (M0, 0, 0, 0) one has∑3
i=1 ki = 0 andM0 =
∑3
i=1 ωi =
∑3
i=1
√
k2i +m
2
i . The
nucleon state is characterized by isospin (and its third
component), parity, light-front (non-interacting) angu-
lar momentum operators J and projection Jn, where the
unitary vector nˆ = (0, 0, 1) defines the spin quantiza-
tion axis. The nucleon state factorizes into |N, J, Jn〉 |P˜ 〉,
where |P˜ 〉 is the total light-front nucleon momentum
P˜ ≡ (P+,P⊥) = p˜1 + p˜2 + p˜3. P+ = P 0 + nˆ · P
and the subscript ⊥ indicates the perpendicular projec-
tion with respect to the nˆ axis. In order to retrieve the
usual composition rules, the intrinsic light-front angular
momentum eigenstate |N, J, Jn〉 must be obtained from
the canonical angular momentum eigenstates |N, j, jn〉
by means of a unitary transformation that is a direct
product of generalized Melosh rotations [34]. Finally the
intrinsic part of the nucleon state, |N, j, jn〉, is eigenstate
of the mass operator
(M0 + V ) |N, j, jn〉 =M |N, j, jn〉 ,
where the interaction term V must be independent of the
total momentum Ptot and invariant under rotations [35].
In the following I will discuss results of a confining
three quark mass operator
(M0 + V )ψ0,0(ξ) ≡
(
3∑
i=1
√
k2i +m
2
i −
τ
ξ
+ κl ξ
)
ψ0,0(ξ)
(1)
where ξ =
√
ρ2 + λ2 is the radius of the hypersphere
in six dimensions and ρ and λ are the intrinsic Jacobi
coordinates ρ = (r1−r2)/
√
2 and λ = (r1+r2−2 r3)/
√
6.
The intrinsic nucleon state is antisymmetric in the
color degree of freedom and symmetric with respect the
orbital, spin and flavor coordinates. In particular (disre-
garding the color part), one has
|N, j, jn=+1/2〉 = ψ0,0 Y(0,0)[0,0,0](Ω)
[χMS φMS + χMA φMA]√
2
,
(2)
where ψγ,ν is the hyper-radial wave function solution of
eq.(1), Y(L,M)[γ,lρ,lλ](Ω) the hyperspherical harmonics defined
on the hypersphere of unitary radius, and φ and χ the
flavor and spin wave functions of mixed SU(2) symme-
try. In order to preserve relativistic covariance χ has to
be formulated by means of the appropriate Melosh trans-
formation of the i-th quark spin wave function.
The mass equation (1) is solved numerically by expand-
ing the hyper-radial wave function ψγ,ν on a truncated
set of hyper-harmonic oscillator basis states [36]. Mak-
ing use of variational principles the HO constant has been
determined and convergence has been reached consider-
ing a basis of 17 components. The parameters of the
interaction have been determined phenomenologically in
order to reproduce the basic features of the (non-strange)
baryonic spectrum up to ≈ 1.6 GeV, namely the position
of the Roper resonance and the average value of the 1−
states. The well known problem of the energy location of
the Roper resonance is solved, in the present case, by the
use of the ”Coulomb-like” potential 1/ξ as already dis-
cussed in ref.[37] for the nonrelativistic formulation and
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FIG. 1. The momentum distribution n(k) of eq.(3) as function
of k = |k|. The results of a full covariant light-front calcula-
tion for the mass operator of eq.(1) (full curve) are compared
with the non-relativistic approximation (dashed curve). The
normalization is such that
∫
d3kn(|k|) = 3.
in ref.[23] within the light-front dynamics. One obtains
τ = 3.3 and κl = 1.80 fm
−2 (to be compared with the
corresponding non-relativistic fit τ = 4.59 and κl = 1.61
fm−2) [36].
As a result a huge amount of high momentum com-
ponents is generated in solving the mass equation and
they play an important role on the high-x behavior of
the parton distributions. Such effect emerges naturally if
one evaluate the momentum distribution
n(k) =
3∑
j=1
∫ 3∏
l=1
dkl δ
(
3∑
i=1
ki
)
δ (k− kj) |ψ0,0|2 , (3)
as it is shown in Fig.1.
Mass equation (1) does not contain hyperfine inter-
action terms which would split the Nucleon and the ∆
masses. Such SU(6)-breaking term must be considered in
a more detailed analysis of the nucleon and baryon spec-
trum and the nucleon wave function (2) would include a
larger number of SU6) configurations (e.g. ref[38]). The
consequences and limitations due to the choice (1) will
become more clear when I will discuss the large-x behav-
ior of the valence partons in Sec. IVB. For the moment
let me recall that I am mostly interested in the sea dis-
tribution, located at lower-x.
2. Partons in the bare nucleon
Following previous work (e.g. refs.[23, 39]) the par-
ton distribution in the (bare) relativistic light-front quark
model takes the form [39]:
q(x, µ20) =
3∑
j=1
∑
λiτi
δτjτq
∫ 3∏
i=1
d~ki δ
(
3∑
i=1
~ki
)
×
× δ
(
x− k
+
j
M0
)
|Ψ[c]λ ({~ki;λi, τi})|2 , (4)
where k+j = (k
0
j + k
3
j )/
√
2 is the quark light-cone mo-
mentum, and M0 =
∑
i
√
~k2i +m
2
i is the free mass for
the three-quark system. Ψ
[c]
λ ({~ki;λi, τi}) is the canonical
wave function of the nucleon in the instant form obtained
by solving the eigenvalue equation for the mass operator
(1) in momentum space.
The distributions (4) automatically fulfills the support
condition and satisfies the (particle) baryon number and
momentum sum rules at the hadronic scale µ20 where the
valence contribution dominates the twist-two response:
Nq =
∫
dx q(x, µ20) , (5)
with Nq being the number of valence quarks of flavor q;
in addition ∫
dxx
∑
q
q(x, µ20) ≡
≡
∫
dxx [uV (x, µ
2
0) + dV (x, µ
2
0)] = 1 , (6)
and the valence partons exhaust the momentum sum rule
at the scale of the bare nucleon.
B. The meson cloud and the Sullivan process
Let me now introduce the meson-cloud model to in-
corporate qq¯ pairs into the valence-quark picture of the
parton distributions described in the previous Section,
and dressing the bare nucleon to a physical nucleon.
The physical nucleon state is built expanding it (in the
infinite momentum frame (IMF) and in the one-meson
approximation) in a series involving bare nucleons and
two-particle, meson-baryon states. Its wave function can,
therefore, be written as a sum of meson-baryon Fock
states
|N〉 =
√
Z|N〉bare +
∑
BM
∑
λλ′
∫
dy d2k⊥φ
λλ′
BM (y,k
2
⊥)×
×|Bλ(y,k⊥);Mλ′(1 − y,−k⊥)〉 . (7)
φλλ
′
BM (y,k
2
⊥) is the probability amplitude of the Fock state
containing a virtual baryon (B) with longitudinal mo-
mentum fraction y, transverse momentum k⊥, and he-
licity λ, and a meson (M) with longitudinal momentum
fraction 1 − y, transverse momentum −k⊥, and helicity
λ′. Z is the renormalization constant and is equal to
4TABLE I. The coupling constants for various considered fluctuations are taken from [45, 46]
g2Npi/p
4pi
= 13.6
f2∆pi/p
4pi
= 12.3GeV−2
g2Nρ/p
4pi
= 0.84
fNρ/p
gNρ/p
= 6.1
4mp
f2∆ρ/p
4pi
= 34.5GeV−2
g2Nω/p
4pi
= 8.1
fNω/p
gNω/p
= 0
gΛK/p = −13.98 gΣK/p = 2.69 gΛK∗/p = −5.63 fΛK∗/p = −4.89GeV
−1 gΣK∗/p = −3.25 fΣK∗/p = 2.09GeV
−1
the probability to find the bare nucleon in the physical
nucleon.
One can express the amplitudes φλ,λ
′
BM (y,k
2
⊥) in the fol-
lowing way:
φλ,λ
′
BM (y,k
2
⊥) =
1
2π
√
y(1− y)
√
mHmB
m2H −M2BM (y,k2⊥
×
×GHBM (y,k2⊥)V λ,λ
′
IMF (y,k
2
⊥) , (8)
where mH is the physical mass of the fluctuating hadron
(in the present case a proton, but the approach can be
generalized as in ref.[40]).
M2BM (y,k2⊥) =
k2⊥ +m
2
B
y
+
k2⊥ +m
2
H
1− y (9)
is the invariant mass of the meson-baryon system.
V λ,λ
′
IMF (y,k
2
⊥) is the vertex function and it contains the
spin dependence of the amplitude. Its form can be found
(e.g. in refs.[41] and [42]). The extended nature of the
vertex is described by a phenomenological form factor
GHBM (y,k
2
⊥) which embodies the unknown dynamics at
the vertex. In the present work
GHBM (y,k
2
⊥) = exp
[
m2H −M2BM (y,k2⊥)
2 Λ2BM
]
,
as suggested in recent analysis (see ref.[43] and references
therein). ΛBM is a cut-off parameter and the recom-
mended values Λoct = 0.8 eV and Λdec = 1.0 GeV will be
used for Meson-Baryon fluctuations involving octect and
decuplet baryons respectively.
The cut off parameters are fixed making reference
to experimental data which naturally include SU(6)-
breaking effects. The model Hamiltonian (1) does not
contain such perturbative contributions and the consis-
tency with the cut-off parameters can be questioned.
However one should notice that, within the light-front
model, SU(6)-symmetry effects are not equivalent to the
simple idea suggested by non-relativistic dynamics. In
the relativistic approach both the correlations between
motion and spin (helicity) and the large amount of high
momentum components in the wave-function (due to the
relativistic kinetic operator) change the intuitive pic-
ture considerably. In particular the SU(6)-breaking ef-
fects are emphasized, within the relativistic approach,
by such correlations and high momentum tails, reducing
the amount of explicit SU(6)-breaking terms required by
non-relativistic approaches. An investigation of the or-
der of magnitude of these breaking-symmetry effects can
be performed better analyzing the spin observables, in
particular by means of helicity dependent GPDs where
the non-intuitive interplay between SU(6)-breaking ef-
fects and relativistic contributions to spin dynamics can
be studied in a more direct way. Critical elements of
such investigation can be found in the paragraph dedi-
cated to results and discussion in ref.[44],where the in-
terplay between SU(6)-breaking effects and relativistic
contribution to spin dynamics is investigated studying
their contribution to the total spin of the nucleon within
a light-front quark model.
1. The Sullivan process
The Sullivan process description of Deep Inelastic Scat-
tering implies that the virtual photon can hit either the
bare proton p or one of the constituent of the higher
Fock states. In the IMF, where the constituent of the
target can be assumed as free during the interaction, the
contribution of those higher Fock states to the quark dis-
tribution of the physical proton can be written
δqp(x) =
∑
BM
[∫ 1
x
dy
y
fMB/p(y) qM
(
x
y
)
+
+
∫ 1
x
dy
y
fBM/p(y) qB
(
x
y
)]
. (10)
The splitting functions fBM/p(y) and fMB/p(y) are re-
lated to the probability amplitudes φλλ
′
BM by
fBM/p(y) = fMB/p(1−y) =
∫ ∞
0
dk2⊥
∑
λ,λ′
|φλ,λ′BM (y,k2⊥)|2 .
(11)
The quark distributions in a physical proton are then
given by
q(x,Q20) = Z q
bare
p (x) + δqp(x) , (12)
where qbarep is given by eq.(4) and δqp is from eq.(10), and
Z = 1−
∑
MB
∫ 1
0
dy fBM/p(y) . (13)
The conservation of both momentum and baryon number
sum rules is guaranteed by the correct formulation of the
meson-cloud, in particular by the symmetry fBM/p(y) =
fMB/p(1−y) in eq.(11) and by the renormalization factor
Z of eqs.(7), and (13). The new scale Q20 related to the
presence of a bare nucleon dressed by its meson cloud
will be discussed in Sec. III B.
52. the non strange cloud: pseudo-scalar mesons
The lowest lying fluctuations (for the proton) included
in the present calculation involve the pseudo-scalar me-
son cloud
p(uud)→ n(udd)π+(ud¯) ,
p(uud)→ p(uud)π0
[
1√
2
(dd¯ − uu¯)
]
,
p(uud)→ ∆+(uud)π0
[
1√
2
(dd¯− uu¯)
]
,
p(uud)→ ∆0(udd)π+(ud¯) ,
p(uud)→ ∆++(uuu)π−(u¯d) . (14)
From isospin symmetry
fnπ+/p = 2fpπ0/p =
2
3
fNπ/p
f∆++π−/p =
3
2
f∆+π0/p = 3f∆0π+/p =
1
2
f∆π/p , (15)
while the coupling constant are as in table I.
a. the nucleon In order to model the partonic con-
tent at the scale µ20 for the nucleon, the ∆ and the pion,
we make use of the light-front approach discussed in
sect. II A 1 and calculate the inclusive parton distribu-
tions by means of
qbarep (x) ≡ q(x, µ20), (16)
where q(x, µ20) is given by eq. (4).
b. the ∆ The calculation of the cloud contribu-
tion involves the explicit form of the parton distributions
q∆(x) of the ∆ (see eq.(10)); we use the results of the
relativistic model for the nucleon and the isospin sym-
metries:
u∆++(x, µ
2
0) =
3
2up(x, µ
2
0), d∆++(x, µ
2
0) = 0,
u∆+(x, µ
2
0) = up(x, µ
2
0), d∆+(x, µ
2
0) = dp(x, µ
2
0),
u∆0(x, µ
2
0) =
1
2up(x, µ
2
0), d∆0(x, µ
2
0) = 2 dp(x, µ
2
0),
u∆−(x, µ
2
0) = 0, d∆−(x, µ
2
0) = 3 dp(x, µ
2
0).
(17)
c. the pion The canonical wave function of the
pion is taken from ref. [47] and reads
Ψ[c](~k1, ~k2;µ1, µ2) =
1
π3/4β3/2
(
1
2µ1
1
2µ2|00
)×
× exp (−k2/(2β2)), (18)
with ~k = ~k1 = −~k2, x = x1 = k+/M0, x2 = 1− x, M20 =
(~k2⊥ +m
2
q)/x+ (
~k2⊥ +m
2
q)/(1− x), and β = 0.3659 GeV.
The choice of the model from ref. [47] is consistent with
the hyper-central CQM we adopt for the nucleon, in fact
the central potential between the two constituent quarks
is described as a linear confining term plus Coulomb-like
interaction. The canonical expression (18) represents a
variational solution to the mass equation.
The light-front parton distribution of the π+ is given
by
vπ(x) ≡ qπ+(x) =
2∑
j=1
δτjτq
∫ 2∏
i=1
d~ki δ
(
2∑
i=1
~ki
)
×
×δ
(
x− k
+
j
M0
)
×
∣∣∣Ψ[c]λ ({~ki;λi})∣∣∣2 . (19)
Isospin symmetry imposes uπ
+
V = d¯
π+
V = u¯
π−
V = d
π−
V =
vπ(x, µ
2
0), while, due to the model restrictions, the pion
sea at the hadronic scale vanishes: u¯π
+
= dπ
+
= uπ
−
=
d¯π
−
= 0.
One obtains the following fluctuations probabilities
PNπ/p = Ppπ0/p + Pnπ+/p = 3Ppπ0/p = 13%
P∆π/p = P∆++π−/p + P∆+π0/p + P∆0π+/p =
= 2P∆++π−/p = 11% . (20)
3. the non strange cloud: vector mesons
The lowest lying fluctuations (for the proton) involving
vector mesons, and included in the present calculation,
are
p(uud)→ n(udd) ρ+(ud¯) ,
p(uud)→ p(uud) ρ0
[
1√
2
(dd¯ − uu¯)
]
,
p(uud)→ ∆+(uud) ρ0
[
1√
2
(dd¯− uu¯)
]
,
p(uud)→ ∆0(udd) ρ+(ud¯) ,
p(uud)→ ∆++(uuu) ρ−(u¯d) ,
p(uud)→ p(uud)ω0
[
1√
2
(dd¯+ uu¯)
]
. (21)
From isospin symmetry
fnρ+/p = 2fpρ0/p =
2
3
fNρ/p
f∆++ρ−/p =
3
2
f∆+ρ0/p = 3f∆0ρ+/p =
1
2
f∆π/p
fpω0/p = fNω/p (22)
and coupling constant from table I.
The ρ-meson wave function differs from the pion in the
spin component only (the rest-frame qq¯ pairs are coupled
to J = 1). The ω is also described by the same spin and
momentum wave function as the ρ, and an isospin singlet
state (the effects of the φ - ω mixing are neglected as well
as the ρ0 - ω mixing). One obtains
PNρ/p = Ppρ0/p + Pnρ+/p = 3Ppρ0/p = 1.8%
P∆ρ/p = P∆++ρ−/p + P∆+ρ0/p + P∆0ρ+/p =
= 2P∆++ρ−/p = 4.1% ,
and
PNω/p = Ppω0/p = 0.34% . (23)
64. strangeness in the meson cloud
The following fluctuations will be considered:
p(uud)→ Λ0(uds)K+(us¯) ,
p(uud)→ Σ0(uds)K+(us¯) ,
p(uud)→ Σ+(uus)K0(ds¯) ,
p(uud)→ Λ0(uds)K∗+(us¯) ,
p(uud)→ Σ0(uds)K∗+(us¯) ,
p(uud)→ Σ+(uus)K0(ds¯) . (24)
From isospin symmetry
fΣ0K+/p = 2fΣ+K0/p =
2
3
fΣK/p
fΣ0K∗+/p = 2fΣ+K∗0/p =
2
3
fΣK∗/p
fΛ0K+/p = fΛK/p
fΛ0K∗+/p = fΛK∗/p (25)
and coupling constant from table I.
One obtains the following fluctuations probabilities
PΣK/p = PΣ+K0/p + PΣ0K+/p = 3PΣK0/p = 0.013%
PΛK/p = PΛ0K+/p = 0.2% ,
PΣK∗/p = PΣ+K∗0/p + PΣ0K∗+/p = 3PΣK∗0/p = 0.018%
PΛK∗/p = PΛ0K∗+/p = 0.054% . (26)
The relations
sΛ
0
(x) = sΣ
+
(x) = sΣ
0
(x) = sΣ
−
(x) =
1
2
up(x) , (27)
and [43, 48]
s¯K
+
(x) = s¯K
0
=
[
1− 0.540(1− x)0.17] vπ(x) (28)
complete the meson and baryon distributions I will use.
5. scenarios
In the following I will assume that, at the lowest
hadronic scale, µ20, the bare nucleon is described by the
relativistic quark model wave function formulated within
the light-front dynamics and, as a consequence, only va-
lence partons will contribute to the partonic content of
the bare nucleon: cfr. eqs.(4), (16). The inclusion of
the meson cloud will renormalize the partonic content
of the physical nucleon (cfr. eq.(12)) and a new scale,
Q20 > µ
2
0 has to be defined. Such a scale will depend
on the partonic content included. The model can in-
deed be formulated in order to include the lowest π-N
and ∆ contributions, as well as the additional vector me-
son components and strange components. An example
is given in Fig.2. The upper panel shows contribution
to the d¯ − u¯ distribution coming from pion-fluctuation
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
0
0.05
0.1
0.15
0.2
0.25
x
d¯
−
u¯
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
−1
−0.5
0
0.5
1
x 10−3
x
(s
−
s¯)
x
FIG. 2. Sea distributions at the scale Q20 of the meson-cloud
model. upper panel: The difference d¯ − u¯ distribution is
entirely due to the presence of non-perturbative sea. Dashed
line include pion only, continuous line shows the additional
contribution due to the presence of vector mesons.
lower panel: the strange - anti-strange distribution x(s− s¯)
with K meson contribution only (dashed) and including K∗
(continuous) at the same scale Q20.
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FIG. 3. Strange xs(x) (dashed lines) and anti-strange xs¯(x)
(continuous lines) distributions evaluated including K meson
fluctuations only and adding theK∗ contributions at Q20. The
K∗ component is, in fact, rather important and enhances both
xs(x) and xs¯(x) in an appreciable way.
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FIG. 4. The valence momentum distribution x(uV (x)+dV (x))
evaluated within the bare light-front quark model of eq.(4)
(dotted line),
∫
dxx(uV + dV ) = 1.00; including pion fluctu-
ations only (dashed line),
∫
dxx(uV + dV ) = 0.92; and eval-
uated adding also the vector meson and strange cloud as in
eq.(12) (continuous line)
∫
dxx(uV + dV ) = 0.89.
only (dashed line) and the results obtained including the
additional vector-meson fluctuations (the inclusion of a
strange component into the meson cloud will not give
additional contribution). The lower panel is devoted to
the strange components showing the contribution to the
x(s− s¯) asymmetry coming from the inclusion ofK∗ fluc-
tuations. One can stress the possible evidence of more
than one node in the distribution. The role of K∗ is also
illustrated in Fig.3 for the strange xs and anti-strage xs¯
distributions separately.
A last illustrative example is given in Fig.4 where
the valence momentum distribution x[uV (x) + dV (x)] is
shown and the effects of the meson cloud renormalization,
as in eq.(12), emphasized. In particular let me notice that∫
dxx[uV (x, µ
2
0) + dV (x, µ
2
0)]
∣∣∣∣
bare
= 1 ,∫
dxx[uV (x, Q¯
2
0) + dV (x, Q¯
2
0)]
∣∣∣∣
π only
= 0.88 ,
∫
dxx[uV (x,Q
2
0) + dV (x,Q
2
0)]
∣∣∣∣
π+ρ+ω+K+K∗
= 0.84 ;
(29)
and
xSea(x, Q¯20) =
∫
dx 2 x[u¯(x, Q¯20) + d¯(x, Q¯
2
0)]
∣∣∣∣
π only
= 0.119 ,
(30)
xSea(x,Q20) =
∫
dxx[2 u¯(x,Q20) + 2 d¯(x,Q
2
0) +
+ s(x,Q20) + s¯(x,Q
2
0)]
∣∣
π+ρ+ω+K+K∗
= 0.158 ;
(31)
where the different scales (µ20, Q¯
2
0, andQ
2
0) related to the
three different scenarios, have been clearly indicated.
Their actual values will be discussed in Sec. III B.
Fig.s 5 and 6 are devoted to illustrate the crucial role
of the wave function detail on the strange asymmetry.
Numerically one finds:∫
dx 2 x[u¯(x, Q¯20) + d¯(x, Q¯
2
0)]
∣∣∣∣
π only
= 0.119 ,
∫
dx 2 x[u¯(x,Q20) + d¯(x,Q
2
0)]
∣∣∣∣
π+ρ+ω
= 0.157 ,
∫
dxx[s(x,Q20) + s¯(x,Q
2
0)]
∣∣∣∣
K+K∗
=
= 7.9 · 10−4∣∣
K only
+ 2.7 · 10−4∣∣
K∗ only
= 0.0011 ;
(32)
making more clear the contribution of the vector mesons
to the non strange sea and the strange mesons effects to
the strange sea.
From the point of view of the asymmetry one has:∫
dxx[s(x,Q20)− s¯(x,Q20)]
∣∣∣∣
K+K∗
=
= 6.1 · 10−5∣∣
K only
− 1.6 · 10−5∣∣
K∗ only
= 4.5 · 10−5 ;
(33)
while ∫
dx [s(x,Q20)− s¯(x,Q20)]
∣∣∣∣
K+K∗
=
= 9.3 · 10−4∣∣
K only
+ 2.7 · 10−4∣∣
K∗ only
= 12 · 10−4 .
(34)
The results for the strange asymmetry are rather deli-
cate. The contribution from K and K∗ mesons are of
similar relevance and rather depending on the details of
the meson wave function. The results of evolutions at
Leading Order and Next-to-Leading Order would not in-
crease the asymmentry because strange and anti-strage
distributions would keep the property s(x) = s¯(x) in the
evolution. However the strange distribution asymmetry
receive large contributions from the perturbative evolu-
tion at NNLO [10, 15, 16] as it will be discussed in the
next Sections where the non-perturbative and perturba-
tive effects will be shown to act coherently amplifying
the low-scale asymmetry. A further source of uncertainty
on the strange asymmetry is, again, due to the possible
effects of SU(6)-breaking which would modify the identi-
ties (27). The lack of SU(6)-breaking effects remains the
weak point of the approach I am proposing (cfr. ref.[40]).
III. NNLO QCD EVOLUTION
In the present Section I will discuss few points of the
general framework of the QCD evolution in order to il-
lustrate crucial aspects of my code for the evolution in
Mellin space.
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FIG. 5. The meson distribution for pion vpi(x) from eq.(19)
(continuous line), and for K and K∗ from eq.(28) (dashed
line). The dot-dashed curve shows the K,K∗-meson distri-
bution due to a different choice, namely: s¯K
+
(x) = s¯K
0
=
(1− x)0.18vpi(x) proposed in ref.[49].
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FIG. 6. The role of the K and K∗ wave functions.
upper panel: The strange asymmetry x (s− s¯) is due to the
inclusion of the strange mesons, and is largely influenced by
the choice of the K and K∗ wave function. The dotted curve
refers to the wave function of eq.(28) while the dot-dashed
curve to the wave function of ref.[49] and introduced in the
caption of Fig.5.
lower panel: The same notations are used to show the role
of the strange meson wave function on the total strange sea
x (s + s¯). The distributions xs and xs¯ are also shown, their
sum reproduce the dot-dashed curve. The asymmetry remains
the observable more influenced by the details of the strange
meson wave functions.
The NNLO expansion is performed within the modi-
fied minimal subtraction (MS ) factorization and renor-
malization scheme. In addition heavy quarks like c, b
and t will not be considered in the number of active
light-quarks and the flavors nf appearing in the splitting
functions and the corresponding Wilson coefficients will
be fixed at nf = 3 (the so called Fixed Flavor Number
Scheme (FFNS) [19]). The heavy quarks (and gluons)
are, therefore, produced entirely perturbatively from the
initial light u, d and s quarks; a scheme which is predic-
tive and supported by experiments [28, 29].
A. The running coupling constant
Even within the FFNS scheme the strong coupling con-
stant
αs(Q
2) = 4π as , (35)
is correctly evaluated by using the standard variable nf
scheme for the β-function and it plays a major role in the
present approach to the evolution of parton densities. At
NmLO the scale dependence of as is given by
das
d lnQ2
= βNmLO(as) = −
2∑
k=m
βka
k+2
s , (36)
and the expansion coefficients βk of the β-function of
QCD are known up to k = 3, i.e. the N3LO: β0 =
11 − 2nf/3, β1 = 102 − 38nf/3 and β2 = 2857/2 −
5033nf/18 + 325n
2
f/54, β3 = 29243.0 − 6946.30nf +
405.089nf +1093/729nf[50], and nf stands for the num-
ber of effectively massless quark flavors.
They have the following solutions (up to N2LO≡
NNLO):
as,LO =
1
β0 ln(Q2/Λ2LO)
; (37)
ln
Q2
Λ2NLO
− 1
β0 as,NLO
+
β1
β20
ln
[
1
β0 as,NLO
+
β1
β20
]
=0 ; (38)
ln
Q2
Λ2NNLO
− 1
β0 as,NNLO
+
β1
2β20
ln
[
1
β0
(
1
as,NNLO
)2
+
+
β1
β30
1
as,NNLO
+
β2
β30
]
+
2√
∆
[
1
2
(
β1
β20
)2
− β2
β30
]
×
× arctan
[ β1
β20
+ 2 β2
β30
as,NNLO√
∆
]
; (39)
with ∆ = 4 β2/β
3
0 −
(
β1/β
2
0
)2
and Λ is the QCD scale
parameter.
Eqs.(38) and (39) are transcendental equations to be
solved in order to calculate αs at NLO and NNLO. They
allows for asymptotic analytical solutions in the region
Q2 ≫ Λ:
9as,NLO ≈ 1
β0 ln(Q2/Λ2NLO)
×
×
[
1− β1
β20
ln ln(Q2/Λ2NLO)
ln(Q2/Λ2NLO)
]
; (40)
as,NNLO ≈ 1
β0 ln(Q2/Λ2NNLO)
×
×
[
1− β1
β20
ln ln(Q2/Λ2NNLO)
ln(Q2/Λ2NNLO)
]
+
+
1
β50
[
β21 ln ln ln(Q
2/Λ2NNLO)+
− β21 ln ln(Q2/Λ2NNLO) + β2β0 − β21
]
. (41)
However the approximate solutions (40) and (41) pro-
duce an unwanted inconsistency [19] between the N -
space Mellin evolution (used in the present approach) and
the x-space evolution programs (which are very popular).
To preserve consistency the present approach makes use
of the iterative solutions of eqs.(38) and (39), a crucial
procedure in order to start evolution from low resolu-
tion scale (see also ref.[20] for an equivalent discussion at
NLO). As matter of fact, beyond the Leading-Order the
exact numerical solution of eq.(36) is one of the most
important ingredient for evolutions starting from low-
resolution scales as in the present case. The situation
is illustrated in Fig.7 where typical results are shown in
the low-Q2 range (upper and middle panels), while the re-
sults for a larger range of Q2 are summarized in the lower
panel. In particular the upper part Fig.7 shows the re-
sults for the approximated NLO solution (40) compared
with the numerical transcendental solution (38) in the
relevant region 0.15GeV2 < Q2 < 0.5GeV2: the large ef-
fect of the non physical expansion is evident. In the same
Figure the analogous results for the approximated NNLO
solution (41) and for the numerical solution (39) are
shown in the same region 0.15GeV2 < Q2 < 0.5GeV2:
the large effect of the non physical expansion is even more
dramatic.
1. The freezing of the QCD running coupling
Quite recently Courtoy, Scopetta and Vento [51] pro-
posed an interpretation of the validity of a perturbative
evolution starting from low resolution scale as due to the
fact that the QCD running coupling (effective charges)
freezes in the deep infrared. Such a freezing could be
reinterpreted as a generation of an effective momentum
dependent gluon mass1. At the level of the Schwinger-
Dyson equations, the generation of such a mass is associ-
ated with the existence of infrared finite solutions for the
1 In the fundamental QCD Lagrangian the gluon remains mass-
less to all order in perturbation theory and the local SU(3)c in-
variance remains intact. The gluon mass generation is a purely
non-perturbative effect [52].
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FIG. 7. upper panel: NLO coupling constant as(Q
2) =
αs/(4π) (cfr. eq.(38)) as function of Q
2 in the low Q2 region.
The solution of the transcendental equation (38) (full line) is
compared with the approximate solution (40) (dashed line).
ΛNLO = 0.248GeV.
middle panel: NNLO coupling constant as(Q
2) = αs/(4π)
(cfr. eq.(39)) as function of Q2 in the low Q2 region. The
solution of the transcendental equation (39) (full line) is
compared with the approximate solution (41) (dashed line).
ΛNNLO = 0.240GeV.
lower panel: The numerical solutions of the transcendental
equations at NLO (38) and NNLO (39) are compared with
the LO coupling constant of eq.(37) which does not imply
ambigous expansions. ΛLO = 0.232GeV.
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gluon propagator. One possibility (physically motivated)
is the logarithmic (gluon) mass running
m2(Q2) = m20

 ln
(
Q2+̺m20
Λ2
)
ln
(
̺m20
Λ2
)


−1−γ
, (42)
where ̺ ∼ 1− 4, γ = 1/11 and m0 ∼ Λ− 2Λ. The (non-
perturbative) generalization of the coupling of eq.(37) as-
sumes the form
as,NP =
αs,NP
4π
=
1
β0 ln{[Q2 + ̺m2(Q2)]/Λ2} . (43)
With values in the region ̺ ∼ 1.5, γ = 1/11 and
m0 ∼ Λ the LO (perturbative) evolution and the Non-
Perturbative evolution of the second moment of the va-
lence distributions, remains quantitatively close, up to
values of momenta as small as Q20 ∼ 0.15GeV2. Such a
conclusion is illustrated by means of the Fig.6 of ref.[51].
The work by Courtoy, Scopetta and Vento represents a
first step for the dynamical interpretation of low resolu-
tion (perturbative) evolution. The evolution converges
and it approximates the non-pertubative evolution in a
interesting and quantitative way offering a further justi-
fication of the use of the NNLO expansion proposed in
the present work.
B. The initial scale of evolution
As previously discussed it will be assumed that at the
lowest hadronic scale the bare nucleon is described by the
relativistic quark model wave function formulated within
the light-front dynamics and, as a consequence, valence
partons only will contribute to the partonic content of
the bare nucleon (cfr. eq.(4). The full (non-perturbative)
antiquark content will be generated by the meson-cloud
mechanism described in Sec. II B. The method is flexible
enough to study different scenarios as summarized in Sec.
II B 5. It remains to elucidate the criteria to fix the low
resolution scale.
In my previous works on the quark parton models (e.g.
[20–22, 25]) the initial scale Q20 has been fixed evolving
back (at the appropriate perturbative order) unpolarized
data until the valence distribution matches the required
momentum dictated by the model (in the present case
eqs.(29)). However performing a sensible back evolution
to low scale is not a trivial task. The evolution is per-
formed (in fact) by using Mellin moments in the complex
plane and one has to guarantee complete symmetry from
Q20 to Q
2 ≫ Q20 and back, avoiding further approxima-
tions associated to additional Taylor expansions but not
with genuine perturbative QCD expansions. The scheme
used is sometimes called iterated solution (e.g. [19]) and
it has a simple expression for the non-singlet sector only
(for a more detailed discussed see Sec. 1 of the Ap-
pendix). The solution has been calculated and imple-
mented at NLO also for the singlet sector by Mair and
Traini (in refs.[21, 22]). At NNLO the complexity of the
singlet evolution prevents the complete reformulation of
the equations. The way out is offered by the possibility of
evolving forward the distributions from the static point
to a scale low enough to keep the features of the start-
ing point and where the distributions are good enough to
reproduce the experimental scale at high Q2. The ideal
reference is to the NLO and NNLO approach by Pedro
Jimenez-Delgado, Reya and Glu¨ck [28–30].
From a practical point of view the scales Q¯20 and Q
2
0 of
eqs.(29) have been fixed evolving the distributions of the
quark model with virtual sea from the (unknown) Q20 to
Q2 = 0.55GeV2 (the scale of the distributions proposed
by Jimenez-Delgado and Reya at NNLO[29]) and in order
to reproduce the NNLO total valence momentum atQ2 =
0.55GeV2.
Two scenarios will be considered;
scenario A: if only the pion-cloud (π only) is considered
in eq.(29);
scenario B: if the additional meson contributions
(ρ, ω,K,K∗) are included in eq.(29), in particular the
strange sea is added.
For both scenarios one could include the presence of a
gluon distribution as proposed by Mair and Traini [21,
22, 25]. In fact, following the philosophy of the radiative
parton model suggested by the Dortmund group [27], one
could choose a ”valence like” gluon distribution at Q20
G(x,Q20) =
Ng
3
[
uV (x,Q
2
0) + dV (x,Q
2
0)
]
(44)
where Ng =
∫
dxG(x,Q20) can be chosen to be the min-
imum number of gluons required to make a color singlet
Ng = 2. Because of the total momentum sum rule∫
dxx [uV (x) + dV (x) + Sea(x) +G(x)]Q20
= 1 ,
with
Sea(x)|Q20 =
[
2u¯(x) + 2d¯(x) + s(x) + s¯(x)
]
Q20
, (45)
one can identify the scale Q20 (again) by means of the
valence momentum (eqs.(31)):
∫
dxx
[
uV (x,Q
2
0) + dV (x,Q
2
0)
]
=
3
3 +Ng {1+
−
∫
dxxSea(x,Q20)
}
=
= 0.552 (π only)
= 0.534 (π + ρ+ ω +K +K∗) . (46)
Gluons are introduced at the initial scale by means
of their integral properties (number of gluons and total
momentum conservation) while their shape is induced
from heuristic arguments (in the present case the valence-
like form (44)), the initial scale can be fixed by means of
the values (46).
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Tables II summarizes the parameters for the scenarios
A-g (with gluons) and B-g (with gluons) as well as for
the scenarios A (no gluons) and B (no gluons) . They
are the parameters used in the present study and also
discussed in ref.[10].
The values of Table II (upper panel scenarios A-g
and B-g) are physically sensible: the presence of a non
perturbative sea due to the virtual cloud is connected to
a certain amount of gluons fixed by general arguments
like those ones summarized in eq.(46).
Table II (lower panel scenarios A and B) summa-
rizes the parameters for the scenarios where gluons are
neglected at the initial scale. Of course also that scenario
is physically sensible: it entirely stands on theoretical ba-
sis without inclusion (or contamination) of heuristic argu-
ments. It seems also more transparent from the point of
view of the assumptions made and the procedures used to
obtained the numerical results. In particular, in order to
emphasize the role of the meson cloud, it seems fully jus-
tified to remain within that model assigning to it a scale
through the valence contribution and pushing the scale at
low level by means of the transcendental equations (38)
and (39). Of course the sensitivity on the starting scale
is amplified, amplifying at the same time the sensitivity
of the results to the model used. Within the scenario
which includes the gluons, the distributions at Q20 are
strongly influenced by the ansatz (46) and the role of the
model is softened. In particular a perturbative evolu-
tion (at NNLO, for instance) of the valence distribution
from the scales where valence and sea components are
present (Q¯20 = 0.149GeV
2 or Q20 = 0.161GeV
2) to the
scales where also gluons are considered (Q¯20 = 0.72GeV
2
or Q20 = 0.85GeV
2) is implied any way in order to con-
struct valence distribution. In this way the dependence
on the low scale is reintroduced in a non transparent way.
IV. RESULTS
In conclusion the procedure adopted including only
meson cloud seems to be more transparent. It is, not
only, converging but also theoretically better founded and
specifically sensitive to the meson cloud effects empha-
sized in the present work. In showing the actual results
of the model, experimental evidences (or fit to parton dis-
tributions) will be systematically included. In particular
I will compare the present predictions with the dynami-
cally generated parton distributions obtained (at NNLO)
within the radiative parton fit of Jimenez-Delgado and
Reya ref.[29] (JDR). The optimally fixed low resolution
scale (Q2 = 0.55 GeV2 at NNLO) allows to evolve the
21 parameter JDR fit to high-scale. In order to specify
the comparison in Fig.s 8 and 9 the parton distributions
of scenario B are shown at the initial scale of the JDR
parametrization Q2 = 0.55 GeV2. Even starting from a
scenario where gluons are neglected and only valence and
sea partons are present, the amount of radiative gluons
generated evolving from the input scale of the quark-
TABLE II. upper panel: The evolution parameters within
scenarios (A-g and B-g) where the valence and sea partons
are considered at the initial scale together with a gluons distri-
bution evaluated by means of a ”valence-like” radiative parton
model (see eq. (44)).
lower panel: The same parameters if the gluons are not
added and the partons included are from valence and sea
contribution only. (nb: as0,NmLO = αs,NmLO(Q
2
0)/(4π)) cfr.
eq.(35).
With gluons With gluons
scenario A-g scenario B-g
π only π, ρ, ω,K,K∗
NmLO ΛNmLO Q¯
2
0 as0,NmLO Q
2
0 as0,NmLO
(GeV) (GeV2) (GeV2)
NNLO 0.240 0.72 0.034 0.85 0.032
NLO 0.248 0.54 0.034 0.65 0.032
LO 0.232 0.38 0.057 0.44 0.053
No gluons No gluons
scenario A scenario B:
π only π, ρ, ω,K,K∗
ΛNmLO Q¯
2
0 as0,NmLO Q
2
0 as0,NmLO
(GeV) (GeV2) (GeV2)
NNLO 0.240 0.149 0.114 0.161 0.099
NLO 0.248 0.110 0.104 0.118 0.093
LO 0.232 0.087 0.231 0.094 0.199
meson model (Q20 = 0.161 GeV
2) to the initial scale of
the Jimenez-Delgado, Reya parametrization (Q2 = 0.55
GeV2) is quite relevant, in particular at low-x. In fact the
choice of the JDR parametrization for the gluon distribu-
tion is valence-like and shows its maximum at x ≈ 0.15.
On the contrary, both the Valence and the Sea distribu-
tions appear to have the same x-dependence also from a
quantitative point of view.
A. The Sea distributions
1. d¯ and u¯
Experimental evidences show that d¯ and u¯ have dif-
ferent sizes and distributions. In Fig.2 (upper panel)
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FIG. 8. The parton distributions at the scale of the present
meson-cloud model (Q¯20 = 0.161 GeV
2 (dotted lines), scenario
B) are evolved at NNLO till Q2 = 0.55 GeV2 (continuous
lines), the scale of the JDR parametrization.
the (positive) difference d¯(x) − u¯(x) at the scale of the
model is shown. The meson cloud excess of d¯ within the
framework of the Sullivan process, accounts for the asym-
metry. Evolving the distributions to high scale opens the
possibility to compare the sea distributions with exper-
imental data. In Fig.10 the comparison of the present
meson cloud model with the data from E886 experiment.
The experiment is designed to study the ratio d¯/u¯ over a
large x-range [53]. The non-strange sea distributions are
not specifically sensitive to the presence of strange com-
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FIG. 9. The NNLO parton parametrization by Jimenez and
Reya [28, 29] at their input scale Q2 = 0.55 GeV2 (dashed
lines). For comparison the parton distributions at NNLO due
to the present meson-cloud-model (continuous lines) obtained
evolving at Q2 = 0.55 GeV2 form Q¯20 = 0.161 GeV
2 at NNLO
the input partons of scenario B (cfr. Fig. 8).
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35−0.2
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
x
d¯
−
u¯
 
 
 E866
 NNLO A
 NNLO B
 NLO
 LO
from ref. 29
0 0.05 0.1 0.15 0.2 0.25 0.3 0.350
0.5
1
1.5
2
x
d¯
/
u¯
 
 
NNLO A
E866
NNLO B
NLO
LO
from ref. 29
FIG. 10. upper panel: The non strange sea distribu-
tion asymmetries d¯ − u¯ at the scale of the E866 experiment
[53] Q2 = 54 GeV2 whose data are shown for comparison
(squares). The same quantities at Q20 are shown in Fig. 2, up-
per panel. Dot-dashed line the result of a NLO evolution for
scenario B where calculations include the non-perturbative
strange sea at the initial scale, while the dotted curve is the
result of a LO evolution within the same scenario. The NNLO
evolution results are shown by the continuous line for sce-
nario B, and dashed line for scenario A where only π-mesons
are considered. The triangles show the results of the JDR
parametrization [29].
lower panel: The results of the ratio d¯/u¯, same notations.
ponents at the initial scale even at NNLO. In particular
the experimental ratio d¯/u¯ amplifies the effects of a large
u¯ distributions at intermediate values of x, a behavior
which is not well reproduced by the meson cloud model.
Fo example d¯u¯
∣∣∣E866
〈x〉≈0.2
≈ 1.56 , in the E866 data while the
same ratio is ≈ 1.3 as result of an NNLO evolution.
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FIG. 11. xs+(x,Q2) = x (s(x,Q2) + s¯(x,Q2)) at Q2 =
2.5GeV2, the scale of the Hermes data which are shown for
comparison and adapted from ref.[55]. The dotted line is the
result of a LO evolution, dot-dashed line the NLO evolution,
continuous lines the NNLO evolution for scenario B where
calculations include non-perturbative strange sea at the ini-
tial scale (see lower panel in Fig. 6). Comparison with results
with vanishing strange sea at the starting scale (scenario A)
is made (at NNLO) by means of the tiny dashed line. Let
me recall that the strange asymmetries at NLO an LO would
be strictly zero if the strange sea is assumed to vanish at Q20.
Triangles from ref.[29].
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FIG. 12. The total sea distribution xΣ(x,Q2 = 1.9GeV2) =
x (2u¯+2d¯+s+ s¯) as function of x. The ATLAS data analysis
(squares) assumes a fitted fraction s¯/s = 0.93 ± 0.15 at x =
0.023 (present result 1.04 for scenario B) while the ratio (s+
s¯)/d¯ is consistent with unity (1.8 for scenario B). The present
theoretical predictions are show by the dot-dashed line for
the scenario A and the full line for the scenario B where the
strange sea is included at low-scale. The quantity xΣlight =
2x (u¯+ d¯) (defined as ”light” in the legend) is also shown for
scenario A (dotted) and B (dashed) in order to illustrate the
role of the strange sea.
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FIG. 13. The strange asymmetry distribution xs−(x,Q2) =
x (s(x,Q2) − s¯(x,Q2)) at Q2 = 4.0 GeV2. The dotted line is
the result of a LO evolution for scenario B where calculations
include the non-perturbative strange sea at the initial scale Q20
(see lower panel in Fig. 6), while the dot-dashed curve is the
result of a NLO evolution within the same scenario. Both LO
and NLO distribution would vanish identically for scenario
A, i.e. when strange sea in neglected at the non-perturbative
level Q20. The NNLO evolution results are shown by the con-
tinuous line scenario B, and tiny dashed line for scenario A.
The asymmetry at Q20 is shown for comparison (see the leg-
end). The triangles are the results of the dynamical (NNLO)
fit of ref.[29] where a symmetric strange sea (s−(x) ≡ 0) is
assumed at low-scale.
2. the strange sea
An interesting result for the strange distribution is
shown in Fig.11 for the total strange sea xs+(x,Q2) =
x (s(x,Q2)+ s¯(x,Q2)) at Q2 = 2.5 GeV2, the scale of the
HERMES experiment. Data adapted from ref.[55] are
also shown for comparison. Evolving the initial distribu-
tions at LO and NLO within the scenario B (where the
strange sea is considered at the initial scale) induces a
vanishing asymmetry xs− = x (s(x,Q2) − s¯(x,Q2)), but
a consistent symmetric total strange momentum. The
important perturbative evolution component at NNLO
is shown by the tiny dashed curve, rather close to the
experimental data also when scenario A is assumed. A
comparison with the NNLO calculation within scenario
B and A clearly shows that the perturbative component
dominates at that order. Evaluation of strange distribu-
tions makes sense at the NNLO only. At the same time
one could expect important effects on the strange sea
from the non-perturbative introduction of strange com-
ponents to be evolved at LO and NLO. The inference
is correct, but the quantitative agreement obtained at
NNLO (in particular at low-x) is lost. In the same Figure
also the predictions of the NNLO fit to DIS data from
ref.[29] (triangles). The fit assumes symmetric strange
sea at the initial scale (s(x,Q20) = s¯(x,Q
2
0)) and the to-
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FIG. 14. The asymmetry xs−(x,Q2) = x (s(x,Q2)−s¯(x,Q2))
at Q2 = 16.0 GeV2. The NNLO evolution results are shown
by the continuous line within scenario B, and tiny dashed
line for scenario A. The difference, dotted line, represents the
Non-Perturbative contribution at Q2 = 16 GeV2, i.e. the
contribution due to the presence of asymmetric components
at the initial evolution scale. The net result of a complete
genuine NNLO emphasizes the small Non-Perturbative part
(shown in Fig.13 at Q20). The Non-Perturbative part is clearly
positive in the region 0.001 ≤ x ≤ 0.2. The dot-dashed line
shows the approximate results of ref.[16] to be compared with
the full line predictions of the present approach.
tal momentum is well reproduced at large-x, but not at
small-x despite the dominance, in that region, of the per-
turbative component.
Recently the results shown in Fig.11 have been criti-
cally reviewed [56] arguing that the sole analysis of the
sum of K± multiplicities, as done in the Hermes pa-
per [55], might not be sufficient to draw solid conclusion
about the (rather elusive) strange sector. A simultane-
ous analysis of the difference of K± multiplicities should
be performed (see also ref. [57]). Complementary infor-
mation come from the differential measurements of the
inclusive W± and Z boson cross section at the LHC, re-
cently performed by the ATLAS collaboration [58] using
pp collision data recorded in 2010 [59]. Because of the
weak couplings of the quark involved, complementary in-
formation to F2 is provided constraining the total light
sea xΣ(x,Q2) = 2 x (u¯+ d¯+ s+ s¯). The parton distribu-
tion analysis of ref. [58] is performed at NNLO (and di-
rectly comparable with the present approach) using AT-
LAS data jointly with inclusive deep inelastic scatter-
ing data from HERA. The ATLAS analysis is compared
with the present theoretical results in Fig.12 where the
total light ATLAS sea data xΣ = 2x(u¯+ d¯+ s¯) for a fit-
ted fraction of strangeness of about unity (squares) are
shown in the region 10−3 ≤ x ≤ 1 and compared with the
NNLO evolutions to the scale of the data, i.e. Q2 = 1.9
GeV2. Predictions for both scenarios are shown to ap-
preciate the role of the unperturbed strange sea. In par-
ticular it is evident that the experimental data at low-x
(0.001 ≤ x ≤ 0.02) show a shoulder not reproduced by
the present approach while the data at larger x (0.03 ≤ 1)
are well reproduced in both scenarios. The large pertur-
bative production of strange sea due (in the present ap-
proach) to the large evolution scale difference seems to be
at the origin of the steep behavior of the total sea below
x = 0.02.
In Fig.13 the results for the asymmetry x s−(x,Q2) =
x(s(x,Q2)− s¯(x,Q2) at Q2 = 4 GeV2 are shown. As al-
ready discussed such a quantity is extremely sensitive to
the choice of the quark wave functions and meson cloud
content. The results shown (within scenario B) refer to
the choice of eq.(28) (see Sec. II B 4 for a discussion).
The Figure emphasizes also the contribution due to the
presence of an asymmetric strange component in the me-
son cloud and the role of perturbative evolution at dif-
ferent order. In particular the asymmetry vanishes at
LO and NLO if one neglects asymmetric strange Non-
Perturbative components (namely the K and K∗ fluc-
tuations). At NNLO a large perturbative component is
present both for scenario A and B (cfr. also ref.[10]). As
a matter of fact the perturbative part gives a significantly
large contribution to the asymmetry at NNLO softening
the dependence of the present results on the cloud model
and stressing the role of NNLO effects.
Fig.14 emphasizes such a conclusion showing the effects
of Non-Perturbative and Perturbative components at the
scale Q2 = 16 GeV2. Disentangle, at such large resolu-
tion scale, Perturbative and Non-perturbative contribu-
tions to the strange asymmetry is assured by a complete
parton distribution evolution at NNLO as in the present
approach. An approximate attempt has been proposed
in ref.[16] where the analysis is performed evolving in
a separate way the Non-Perturbative strange asymme-
try due to the meson cloud and valence distribution (re-
lated to the perturbative component of the asymmetry,
in the x-space). Neglecting the interference effects be-
tween the two responses, in a small and delicate quantity
like the strange asymmetry, can introduce uncontrolled
uncertainties. In Fig.14 a comparison with the results
by Feng et al. [16] is explicitly performed at the scale
Q2 = 16 GeV2 chosen by those authors.
Table III confirms that the asymmetry is not well con-
strained at NLO and a NNLO investigation is mandatory.
An observation which helps in drawing some conclusion
also on the role of strange asymmetry in the analysis
of the NuTeV experiment. Charge symmetry violations
play an important role in the interpretation of the exper-
iment, however the sources of uncertainty and the needed
corrections are of more general origin including electrody-
namic isospin violations and nuclear effects on structure
functions. Taking into account all the corrections coher-
ently (for a summary see ref. [11]) no more anomaly in
the NuTeV experiment can be invoked even for an ac-
cepted (mean) value of zero strange asymmetry. In ref.
[10], for instance, I have demonstrated that the inter-
pretation of the experiment is consistent with a value of
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TABLE III. Moments of the strange distributions calculated within the scenarios A and B and evolved at NNLO (Q2 = 4GeV2)
are compared with the results of the lattice calculation of ref.[60] (the authors warn that their calculation is subjected to large
systematic errors). The results of the NLO evolution are shown in parenthesis [...].
〈x(s(x) + s¯(x))〉 〈x(s(x)− s¯(x))〉 〈x2(s(x)− s¯(x))〉
A: no strange sea at Q20 0.047 [0.036] −0.0016 [0] −0.00018 [0]
B: strange sea at Q20 0.042 [0.033] −0.0013 [2. · 10
−5] −0.00016 [−9. · 10−6]
from ref.[60] 0.027 ± 0.006 consistent with zero consistent with zero
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FIG. 15. Parton distributions, valence, total Sea and gluons,
evolved at Q2 = 6464GeV2 (scale of the H1 collaboration ex-
periments [61]) within scenario B. Continuous lines lines rep-
resent the results of the evolution at NNLO. The dot-dashed
lines the results at NLO, the dotted curves the LO results.
〈x(s(x) − s¯(x))〉 ≈ 0.0 ± 0.0020 and it is not necessary
to invoke large strange asymmetry to explain the NuTeV
result.
B. Valence partons and Gluons
I have emphasized, till now, the effects of Non-
Perturbative and Perturbative origin on the specific fla-
vor sea components, in particular strangeness. The re-
sults show strong NNLO effects with respect to NLO,
as if the NNLO expansion had no perturbative meaning.
However one has to notice that I discussed the largest
effects and therefore also effects which appears for the
first time at NNLO. For those observables (the strange
asymmetry is the prototype) the perturbative expansion
starts at NNLO. In this Section results of genuine higher-
order will be investigated, in particular the effects on the
non-singlet valence and gluon distributions. Both these
observables are strongly influenced by perturbative ex-
pansion. The valence partons share almost the total mo-
mentum at low-resolution scale, a choice discussed in Sec.
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FIG. 16. Parton distributions, valence, totale Sea and glu-
ons, evolved at Q2 = 6464GeV2 (scale of the H1 collabo-
ration experiments [61]). The dashed lines show the result
obtained without including strange components in the meson-
cloud at (non-perturbative level, scenario A). The continuous
lines represent the numerical results obtained when the non-
perturbative strange sea component is introduced explicitly at
the model scale (scenario B). Triangles represent the results
of the dynamical fit to the experimental data of ref. [29].
II B 5 and III B. The introduction of the effects due to the
meson cloud lowers the total valence momentum from 1
to 0.88 within scenario A and to 0.84 within scenario B
(cfr. eqs. (29) of Sec. III B). During the evolution gluon
radiation enhances the gluon and sea components and
lowers the valence contribution keeping the total number
of valence quarks and total momentum fixed. A typical
example is shown in Fig.15 where the initial partons of
scenario B are evolved at NNLO, NLO and LO from low
resolution scale to Q2 = 6464, a scale of the H1 collab-
oration experiments [61]. The huge amount of Sea and
Gluon components is stressed by the factor 100 needed
to make the Figure illustrative. Also the convergence of
the perturbative expansion shows up clearly despite the
large range chosen at low-x.
In Fig.16 the NNLO evolution at the H1 scale Q2 =
6464 GeV2 is shown for both scenarios A and B mak-
ing clear the role of the Non-Perturbative meson cloud
in calculating the valence, total Sea and gluon distribu-
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tions. Let me stress that the results represent absolute
predictions starting from a quark model wave function
on the light-front and meson fluctuations. The model is
fixed and also the low resolution scale, without adjustable
parameters. The comparison with the dynamical fits of
ref. [29] (evolved at the same scale) gives a quantitative
comparison with the experimental results.
1. SU(6)-breaking and the valence region x→ 1
The investigation of valence partons implies the de-
scription of the distributions at large-x (x→ 1). This re-
gion manifests specific aspects: higher-order twist effects
could become important as well as the re-summation of
large log contribution to the evolution near the x ≈ 1
threshold [62–64]. The model I am presenting could be
the framework to investigate also such effects and work
in this direction is in progress [65]. A more standard as-
pect, of the large-x region has been mentioned at the end
of Sect.II A 1: SU(6) breaking effects should show up in
that region. In particular the ratio of the neutron to pro-
ton structure functions (Fn2 /F
p
2 ) is predicted to be 1/4 in
model where the uV distribution dominates with respect
the dV distribution at large-x. In SU(6)-symmetric mod-
els where the symmetry implies dV = uV /2 , the ratio
is simply constant and, in the region where the valence
quark contribution dominates, equal to 2/3. I am using
a SU(6)-symmetric model and the expected result (2/3)
is in disagreement with the experiments which confirm
a lower limiting value (for a critical review on the ex-
traction of the dV /uV ratio at large-x, see, for example,
ref.[63, 64]). While all familiar parton distributions van-
ish at x = 1, ratios of two of them need not and, under
evolution, the value of such a ratio is (practically) invari-
ant and can reflect significant non-perturbative features
of QCD [62].
Since fundamental aspects of non-perturbative QCD
are encoded in the ratios at large-x, it seems that a di-
rect relation between the SU(6)-breaking effects at low-
energy and the parton distributions can be established
in a simple way. Actually the situation is more intricate
as it has been demonstrated calculating the Fn2 /F
p
2 ra-
tio both within non-relativistic [20, 21] and relativistic
quark-parton models [23, 24] as input scale. To summa-
rize the situation I will refer to the paper by Pasquini,
Traini and Boffi [24] dedicated explicitly to that topic.
It has been shown that the effects due to the SU(6)-
breaking needed at low-energy to reproduce the mass
spectrum (or other nucleon properties) cannot reproduce
the high-x behavior of the Fn2 /F
p
2 ratio [67]. Appar-
ently such a conclusion contradicts other contributions
(e.g. the well known paper by Close [69]). The reason is
rather simple: the calculation by Close (as well as other
similar investigation [24, 70] and references therein) does
not satisfy the Pauli principle for the symmetry of the
three-quark wave-function, an observation due to Nathan
Isgur [70]. The approach proposed in ref.[24] has the ad-
vantage to fully satisfy the Pauli principle of the quark
and parton distributions opening the possibility of a di-
rect connection between the effects incorporated within
low-energy quark-models and the parton dynamics. The
result is mainly negative: the SU(6)-breaking manifested
by the large-x behavior cannot be reduced to the SU(6)-
breaking mechanism at low-energy. The approach I am
proposing in the present manuscript seems to be promis-
ing also for investigating in more detail the large-x region
once higher order effects [71] and re-summation contribu-
tion have been integrated. As already mentioned, work,
in this direction is in progress [65].
V. CONCLUSIONS
The radiative parton model has been demonstrated to
have a predictive power since the pioneer work of Glu¨ck,
Reya and Vogt [26, 27] where the small x-behavior of par-
ton distributions was predicted and later checked exper-
imentally. The meaning of such experimental behavior
at low-x is rather simple: the structure functions is en-
tirely due to QCD dynamics at x < 10−2 and the parton
distributions at Q2 > 1 GeV2 are generated radiatively
from input distributions at an optimally determined low-
scale Q20 < 1 GeV
2. The phenomenological view [31, 32]
that there exist a scale where the short-range (perturba-
tive) part of the interaction is suppressed (and therefore
the gluons and the sea) and that the long-range part of
the interaction reveals the nucleon as a composite system
of (mainly) three quarks, receives some specific support.
Following this suggestive hypothesis the paper investi-
gates the actual results of parton distributions generated
when the low-input scale is rigidly fixed by a detailed
model of the nucleon which includes quarks and meson-
cloud. The light-front Hamiltonian dynamics fixes the
three-quark wave functions and the meson cloud is intro-
duced by means of high-order Fock component in time-
ordered perturbation theory in the infinite momentum
frame. Non-strange as well as strange Mesons-Baryon
fluctuations are considered following the rich literature
(π, ρ, ω, K and K∗, together with N , ∆, Λ and Σ) and
the effects on strange and non-strange parton distribu-
tions investigated in detail showing the large effects due
to (non-strange) sea asymmetries and the delicate bal-
ance of strange asymmetry. The total strange component
is compared with the available experiments. The intense
comparison of the results of the present approach with
more conventional fits of parton distributions shows the
quality of a study fully based on the quark and meson
dynamics at low resolution scale. The dynamical origin
of some features of the parton distributions have been di-
rectly related to properties of the nucleon wave functions
and Meson-Baryon fluctuations. In this way the presence
of a strange asymmetry can be correlated to both Per-
turbative (NNLO is mandatory!) and Non-Perturbative
effects (the non -perturbative strange sea cannot be ne-
glected!).
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Despite the lack of gluons at low resolution scale (non
perturbative gluons have been neglected in favor of a non-
ambiguous determination of the sea contribution and the
related input scale) the large amount of gluons at small-
x (10−4 ≤ x ≤ 0.01) is reasonably reproduced together
with the samll-x behavior of the total sea. Again, NNLO
approximation produces results better in agreement with
data fits.
The model is complete and flexible enough (both in
the Non-Perturbative and Perturbative sector) to inves-
tigate in detail the role of the individual mesons in the
virtual cloud. In this way, for instance, the role of both
K and K∗ strange mesons have been investigated with
particular emphasis on the total strange sea and asymme-
try. The completeness of the approach is also seen by the
possibility of integrating subsidiary elements in the study
of delicate quantites like Charge-Symmetry-Violation ef-
fects both of strong and electrodynamics (QED-radiative
corrections) origin. The topic has been shortly men-
tioned, but a specific contribution has been recently de-
voted to a detailed analysis (cfr. ref.[10]) within the same
approach.
It seems to me that one of the actual potentiality
of the radiative dynamical approach to parton distribu-
tions is just opening the door to the connection of low-
energy model and the large amount of high-energy data.
The discussion devoted to the choice of the (initial) low-
resolution scale in Sec. III (in particular the Sec. III A 1)
on the freezing of the QCD running coupling [51, 52], has
to be further elaborated, but can be a real interesting key
to bridge different worlds.
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Appendix: Solving evolution equations
The Mellin N -th moments of the parton distributions f(x,Q2) (f = q, q¯, g),
〈f(Q2)〉N =
∫ 1
0
dxxN−1f(x,Q2) , (A.1)
evolve according to the coupled flavor-Singlet evolution equation
d〈~qS(Q2)〉N
d lnQ2
= PˆS(as, N) 〈~qS(Q2)〉N
[
= −1
2
γˆS(as, N) 〈~qS(Q2)〉N
]
, (A.2)
where 2
~qS =
(
Σ
g
)
(A.3)
with Σ =
∑
q(q + q¯) and
PˆS(as, N) =
2∑
k=0
ak+1s Pˆ
(k)
S (N) =
2∑
k=0
ak+1s
(
P
(k)
qq (N) P
(k)
qg (N)
P
(k)
gq (N) P
(k)
gg (N)
)
. (A.4)
The P
(0)
rs P
(1)
rs and P
(2)
rs are called the LO, NLO and NNLO (3-loop) splitting functions [17, 18].
In the flavor-Non-Singlet (NS) sector eq.(A.2) is uncoupled and reads:
d〈qiNS(Q2)〉N
d lnQ2
= P iNS(as, N) 〈qiNS(Q2)〉N
[
= −1
2
γiNS(as, N) 〈qiNS(Q2)〉N
]
, (A.5)
with (see footnote)
P iNS(as, N) =
2∑
k=0
ak+1s P
(k),i
NS , (A.6)
2 The factor −1/2 has been introduced to define the functions γ
which have been used in our previous work [20–22].
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and P
(k),i
NS refers to the NS splitting functions P
(k),±
NS and P
(k),v
NS (i.e. i = ±, v). They are the evolving functions
for the NS combinations of parton distributions q±NS,3 = u
± − d±, q±NS,8 = u± + d± − 2s±, where q± = q ± q¯ and
qvNS =
∑
q(q − q¯). The NNLO splitting functions P (2),iNS can be found in ref.[18].
For the evolution I used the basis [19]
v±(k2−1) =
k∑
i=1
(qi ± q¯i)− k(qk ± q¯k) , (A.7)
with k = 1, ..., nf . After performing the evolution individual quark and anti-quark distributions ca be recovered by
means of the relations
qi ± q¯i = 1
nf
qS − 1
i
v+i2−1 +
f∑
k=i+1
1
k(k − 1) v
+
k2−1 , (A.8)
where v+0 ≡ 0, as well as the corresponding equation for the differences qi − q¯i.
1. Flavor-Non− Singlet
Since no matrices are involved in the NS evolution, let us start the discussion with the evolution of that sector.
Combining equations (36), (A.5) and (A.6) one can express the evolution of the NS-moments
d〈qNS(Q2)〉N
das
= −
∑2
k=0 a
k+1
s P
(k)
NS (N)∑2
k=0 βka
k+2
s
〈qNS(Q2)〉N (A.9)
and the solution can be written
〈qNS(Q2)〉N
〈qNS(Q20)〉N
= exp
{
−
∫ as
as0
das
∑2
k=0 a
k+1
s P
(k)
NS (N)∑2
k=0 βka
k+2
s
}
, (A.10)
where as0 =
αs(Q
2
0)
4π . The previous integrals have a closed form, and for k = 0 (LO), k = 1 (NLO) and k = 2 (NNLO)
become:
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
LO
= exp
{
−
∫ as
as0
das
asP
(0)
NS (N)
β0a2s
}
=
(
as
as0
)−P (0)NS (N)β0
; (A.11)
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
NLO
= exp
{
−
∫ as
as0
das
asP
(0)
NS (N) + a
2
sP
(1)
NS (N)
β0a2s + β1a
3
s
}
=
=
(
as
as0
)−P(0)NS (N)β0 [ 1 + β1β0 as
1 + β1β0 as0
]λ0(N)
; (A.12)
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
NNLO
= exp
{
−
∫ as
as0
das
asP
(0)
NS (N) + a
2
sP
(1)
NS (N) + a
3
sP
(2)
NS (N)
β0a2s + β1a
3
s + β2a
4
s
}
=
=
(
as
as0
)−P(0)NS (N)β0 [ 1− 1x1 as
1− 1x1 as0
]λ1(N)
·
[
1− 1x2 as
1− 1x2 as0
]λ2(N)
; (A.13)
where
x1 = − β1
2β2
+
√(
β1
2β2
)2
− β0
β2
x2 = − β1
2β2
−
√(
β1
2β2
)2
− β0
β2
(A.14)
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and
λ0(N) = −
(
P
(1)
NS (N)
β1
− P
(0)
NS (N)
β0
)
;
λ1(N) = − 1
β2
1
x1 − x2
[
+P
(1)
NS (N)−
β1
β0
P
(0)
NS (N) + x1
(
P
(2)
NS (N)−
β2
β0
P
(0)
NS (N)
)]
;
λ2(N) = − 1
β2
1
x1 − x2
[
−P (1)NS (N) +
β1
β0
P
(0)
NS (N)− x2
(
P
(2)
NS (N)−
β2
β0
P
(0)
NS (N)
)]
. (A.15)
Eq.(A.11) is the well known LO evolution expression for NS components and it keeps a symmetric form for evolutions
from Q20 → Q2 and back. Eq.(A.12) is its analog at NLO, but it is less known in the literature. The reason is rather
simple: it contains higher order corrections in as and several authors prefer to expand eq.(A.12) keeping lower order
terms (in as and as0) around the LO solution. Developing eq.(A.13), one gets
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
NLO
≈
(
as
as0
)−P (0)NS (N)β0 [
1 + λ0(N)
β1
β0
(as − as0)
]
; (A.16)
an expansion which has to pay the price of a non symmetric form in Q2 and Q20, loosing the possibility of a backward
evolution into the region of validity of the same eq.(A.12).
In our previous works we tried to keep a symmetric form to establish a backward evolution needed to fix the actual
scale of some nucleon model, and we have developed the following NLO expansion [21]
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
NLO
≈
(
as
as0
)−P (0)NS (N)β0 [ 1 + λ0(N) β1β0 as
1 + λ0(N)
β1
β0
as0
]
; (A.17)
which can also be derived from eq.(A.12) expanding the numerator and the denominator independently 3.
The NNLO NS evolution of eq.(A.13), found application after the explicit calculation of all splitting functions at
NNLO [17, 18]. Similarly to the NLO expression (A.12), also the NNLO expression (A.13) contains higher order
corrections and some author prefers to further expand it around the LO order result (A.11) (e.g. [19] and references
therein). The expansion would lead to (let me use a simplified notation dropping the N and Q2 dependence where
obvious):
〈qNS(Q2)〉N
〈qNS(Q20)〉N
∣∣∣∣
NNLO
≈
(
as
as0
)−P(0)NS (N)β0


1−
(
λ1
x1
+ λ2x2
)
as +
1
2
[(
λ1
x1
+ λ2x2
)2
−
(
λ1
x21
+ λ2
x22
)]
a2s
1−
(
λ1
x1
+ λ2x2
)
as0 +
1
2
[(
λ1
x1
+ λ2x2
)2
−
(
λ1
x21
+ λ2
x22
)]
a2s0

 =
(A.18)
=
(
as
as0
)−P(0)NS (N)β0 { 1−R1 as + 12 (R21 −R2) a2s
1−R1 as0 + 12 (R21 −R2) a2s0
}
=
(A.19)
≈
(
as
as0
)−P(0)NS (N)β0 {
1−
(
λ1
x1
+
λ2
x2
)
(as − as0) + 1
2
[(
λ1
x1
+
λ2
x2
)2
+
−
(
λ1
x21
+
λ2
x22
)] (
a2s − a2s0
)− (λ1
x1
+
λ2
x2
)2
as0 (as − as0)
}
= (A.20)
=
(
as
as0
)−P(0)NS (N)β0 [
1− (as − aS0)R1 + 1
2
(a2s − a2s0)
(
R21 −R2
)− as0(as − as0)R21
]
, (A.21)
3 The comparison with [20, 21] implies a redefinition of the split- ting functions: P → −γ/2, see eqs.(A.2),(A.5).
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with Rk = P
(k)
NS /β0 −
∑k
i=1 βiRk−i/β0. Explicitly:
R0 =
P
(0)
NS
β0
(A.22)
R1 =
1
β0
[
P
(1)
NS −
β1
β0
P
(0)
NS
]
(A.23)
R2 =
1
β0
{
P
(2)
NS −
β1
β0
P
(1)
NS +
[(
β1
β0
)2
− β2
β0
]
P
(0)
NS
}
(A.24)
and from (A.15) (A.23) and (A.24)
R1 =
(
λ1
x1
+
λ2
x2
)
R2 =
(
λ1
x21
+
λ2
x22
)
, (A.25)
which check the validity of the equality (A.18) (A.19). Summarizing::
i) The basic NS evolution at NNLO is given by eq.(A.12) and its symmetric (A.19) or not symmetric (A.21)
expansions;
ii) the coupling constant as = αs/(4π) is given, at NNLO by the solution of the transcendental equation (39). The
approxximation (41) is not appropriate within a radiative approach like ours, because the starting point of the
evolution is rather low;
iii) the use of a symmetric evolution form is specifically suitable for fixing the low-resolution scale allowing for a
forward and back evolution of valence partons.
2. Flavor-Singlet
The singlet splitting-function matrices Rk of different orders k do not commute. Therefore the solution of the
evolution equation (A.2) cannot be written in a closed exponential form beyond LO and one is left with a series
expansion around the lowest order solution.
Differently from the Non−Singlet evolution, one cannot introduce symmetrized version of the evolution at NNLO
(for an attempt at NLO see ref.[21]). The procedure is lengthy, but standard and I refer to the paper by A. Vogt [19]
for a clear discussion. The NNLO (truncated) evolution can be written
〈~qS(Q2)〉N
∣∣
NNLO
=
[
Lˆ+ asUˆ1 Lˆ− as0Lˆ Uˆ1 + a2sUˆ2 Lˆ− asas0 Uˆ1 Lˆ Uˆ1 + a2s0 Lˆ (Uˆ21 − Uˆ2)
]
〈~qS(Q20)〉N , (A.26)
The LO and NLO approximations are obtained from eq.(A.26) by respectively retaining only the first, or the first
second and third terms (linear in as and as0) in the square bracket
〈~qS(Q2)〉N
∣∣
LO
= Lˆ(as.as0, N) 〈~qS(Q20)〉N , (A.27)
〈~qS(Q2)〉N
∣∣
NLO
=
[
Lˆ(as.as0, N) + asUˆ1 Lˆ(as.as0, N)− as0Lˆ(as.as0, N) Uˆ1
]
〈~qS(Q20)〉N . (A.28)
with
Lˆ = L(as.as0, N) ≡
(
as
as0
)−Rˆ0
= eˆ−
(
as
as0
)−λ−
+ eˆ+
(
as
as0
)−λ+
and Rˆ0 = Pˆ
(0)
S /β0. The projection matrices
eˆ± =
1
λ± − λ∓
[
Rˆ0 − λ∓1ˆ
]
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and λ− (λ+) denote the smaller (larger) eigenvalue of Rˆ0:
λ± =
1
2β0
[
P (0)qq + P
(0)
gg ±
√(
P
(0)
qq − P (0)gg
)2
+ 4P
(0)
qq P
(0)
gg
]
i.e. Rˆ0 = λ−eˆ− + λ+eˆ+ .
The Uˆk matrices are defined by
Uˆk=1,2 = − 1
k
(
eˆ−
ˆ˜Rkeˆ− + eˆ+
ˆ˜Rkeˆ+
)
+
eˆ+
ˆ˜Rkeˆ−
λ− − λ+ − k +
eˆ−
ˆ˜Rkeˆ+
λ+ − λ− − k ,
with
ˆ˜Rk=1,2 = Rˆk +
k−1∑
i=1
Rˆk−i Uˆi ,
Rˆk =
Pˆ (k)
β0
− 1
β0
k∑
i=1
βiRˆk−i . (A.29)
For the actual calculations:
i) all the matrix manipulations have been performed numerically;
ii) the NNLO splitting P
(2)
ij as well as the standard LO P
(0)
ij and NLO P
(1)
ij are from ref.[18];
iii) the Bjorken-x distributions ~qS(x,Q
2) and qNS(x,Q
2) are obtained numerically inverting the Mellin moments in
the complex-N plane by means of a contour integral around the singularities of 〈~qS(Q20)〉N and 〈qNS(Q20)〉N (see
for example [20–22].
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